In this paper we analyze the theoretical limits of a metamaterial converter that allows for linear-toelliptical polarization transformation with any desired ellipticity and ellipse orientation. We employ the transmission line approach providing a needed level of the design generalization. Our analysis reveals that the maximal conversion efficiency for transmission through a single metamaterial layer is 50%, while the realistic reflection configuration can give the conversion efficiency up to 90%. We show that a double layer transmission converter and a single layer with a ground plane can have 100% polarization conversion efficiency. We tested our conclusions numerically reaching the designated limits of efficiency using a simple metamaterial design. Our general analysis provides useful guidelines for the metamaterial polarization converter design for virtually any frequency range of the electromagnetic waves.
I. INTRODUCTION
Metamaterials provide new exciting possibilities for light wave manipulations especially with operations on the wave polarization, which are on demand not only in the optical and microwave range, but also in the booming field of terahertz (THz) science and technology, due to the natural limitations of the material properties. THz waves have high potential in communication systems, food quality control, defense, biomedical imaging and chemical spectroscopy [1] [2] [3] . For some THz applications, for example, magneto-optical spectroscopy [4] , it is desirable to have a circularly or elliptically-polarized wave, while most THz sources generate linearly polarized radiation.
There are two main routes to get the polarization rotation or conversion. The "phase" route is to introduce eigenwaves phase offsets in birefringent or gyrotropic media with approximately equal transmitted amplitudes. The "amplitude" route is to play with transmission coefficients for the eigenwaves letting the output to have a polarization state of the dominating eigenwave. The unnecessary polarization is then discriminated by the higher absorption and/or higher reflection of another eigenstate. Two illustrative examples of these routes in the THz range are an achromatic quarter-wave plate made from quartz [5] and a giant Faraday effect in an electron plasma in n-InSb semiconductor [6] . Being broadband, these solutions, however, claim extended sizes (3 cm) of devices in the former case and intense magnetic fields of several tesla in the latter.
In contrary to the aforementioned bulk devices, the metamaterials (metasurfaces, frequency selective sur- * andra@fotonik.dtu.dk faces) based solutions can be extremely compact, for example, a single thin layer can be enough to get the required polarization state without external magnetic field. Several metamaterials-based polarization conversion devices have already been proposed, which can be tentatively grouped by the operational principle and configuration: birefringent polarizers [7, 8] , transmission [9] [10] [11] [12] [13] [14] [15] [16] and reflection [17] [18] [19] [20] [21] polarizers based on resonant particles or slits and chiral metamaterials [22] [23] [24] [25] [26] [27] . Some of the proposed devices have drawbacks, for example, being based on resonant inclusions, apertures or meta-atoms they usually exhibit a narrow bandwidth or convert a linear polarization into the specific circular one. Nevertheless, such big variety of converters' designs poses the question on whether the natural bounds for the conversion efficiency exist and how it is possible to approach them from the practical point of view.
In this contribution we evaluate the theoretical limits of the efficiency of metamaterial-based polarization converters. We consider the case of conversion of a linear polarization into any elliptical one with a desired ellipticity and ellipse orientation. We employ the transmission line theory, which proved to be useful in the theory of metamaterials [28] . Two principle experimental configurations are considered: reflection and transmission at normal incidence. We show that the conversion efficiency can be virtually as high as 50% for one transmission layer and up to full 100% for a polarization converter with two layers. In the reflection configuration even with only one layer conversion of up to 80 − 90% is feasible, while one layer with a ground plane can give 100% conversion with the relaxed requirements on the metamaterial unit cell design. Demonstration is exemplified on the THz range devices, as effective metamaterials circular polarizers are on demand there, but conclusions are general and can be extended to optical or microwave frequency ranges as well.
The paper is organized as following. After briefly mentioning the idea of the elliptical polarization conversion in Section II, we perform the theoretical analysis of the metamaterial polarization converter with the help of the transmission line theory in Section III. The upper limits of the conversion efficiency are derived here. We optimize and numerically characterize few examples of the circular polarizers designs in the transmission and reflection configurations in Section IV. Discussion and Conclusions Section ends up the paper.
II. METHODOLOGY: ELLIPTICAL POLARIZATION
As we mentioned in Introduction there are two principle strategies to convert a linear polarization into an elliptical one. Assume a wave propagating along the z-axis ( Fig. 1) with amplitude E 0 = 1 for simplicity. One way is to to use a bianisotropic metamaterial with two elliptical eigenpolarizations, which have different absorption or reflection coefficients (elliptical dichroism). An incident linear wave splits into elliptical eigenwaves upon the incidence on a metamaterial slab, and the eigenwave with the higher transmission coefficient will manifest the output polarization. However, such polarization converter provides at the output only a fixed specific elliptical polarization and a part of the wave intensity is lost by default in absorption or poor coupling (reflection).
FIG. 1. Operation principle of the polarization converter.
An incoming linearly-polarized wave is converted into an elliptically-polarized. Rotating the linear incoming polarization with respect to polarizer (angle β) we can obtain any polarization from linear to circular. Rotating the device together with the input polarization (angle α) we can change the orientation of the output ellipse.
Another strategy, which is more flexible, is to split the incoming wave into two nonparallel linearly polarized eigenwaves in a birefringent material. Assume the perfect transmission of both polarizations. The waves propagating with different phase velocities in the medium gain relative phase shift ∆φ. At the output port we sum them up together. In general, an arbitrary angle between linear polarizations along with arbitrary ∆φ (except 0 and 180 o ) results in an elliptical polarization [29] . From the practical point of view, however, the most convenient case is to use two orthogonal linear polarizations E x and E y with the phase shift ∆φ = 90 o (see Fig. 1 ). Then, being combined at the output, two waves
give an elliptical wave described by the equation
The principle axes of the ellipse in Eq. (2) are along the x− and y−directions.
Introducing angle β between the linear incoming polarization and the x−axis (see Fig. 1 ) defines waves amplitudes A x , A y and ellipticity k (we assume perfect transmission |t x | = |t y | = 1 for simplicity):
Changing angle β leads to the changes in both amplitudes and ellipticity, but keeps the ellipse orientation. Rotating the polarizer and, therefore, the coordinate system xy connected to it, together with the incoming wave polarization with respect to the fixed coordinate system x y on angle α (see Fig. 1 ) allows for changing the ellipse orientation.
In such way we can obtain any elliptical polarization starting from linear (A x = 0 or A y = 0) to circular (A x = A y ) with right or left rotation direction and with any ellipse orientation. We should note that in reality the transmission through a device cannot be 100% due to imperfections, but in order to cover the whole range of possible polarizations we just need the equality of the x− and y−polarized waves transmissions.
III. TRANSMISSION LINE ANALYSIS
The previous section gives the general strategy for obtaining any elliptical polarization out of an incoming linear one. Now we are looking for the guidelines for the polarizer design. It is desirable for the practical applications (and also fabrication-wise) to have a thin device, so we assume that our polarization converter is a thin layer of a metamaterial with thickness H << λ.
To analyze the electromagnetic (optical) properties of the required metamaterial we employ the transmissionline (TL) approach [30, 31] . In the TL theory an x−polarized plane wave propagating in dielectric with the refractive index n is equivalent to the fundamental mode of a rectangular dielectric waveguide with the perfect electric(x−walls) and perfect magnetic(y−walls) boundaries. The relative (to the free-space impedance Z 0 = 120π Ohm) wave impedance η = µ/ε, where µ and ε are the relative magnetic permeability and electric permittivity of the material. For non-magnetic dielectrics µ = 1, and η = 1/n. If we consider a plane interface between two non-magnetic dielectrics with refractive indices n 1 and n 2 , then the reflection r and transmission t coefficients of the normally incident plane wave are expressed through the wave impedances η 1 = 1/n 1 and
If we add a thin (much thinner than the wavelength) layer of a metamaterial with electrical impedance Z M at the interface between two dielectrics it will act as a shunt (Fig. 2a) . The equivalent normalized impedance of the shunt is (Fig. 2b) , where a x , a y are the periods of the unit cell of the metamaterial. The transmission t, reflection r, transmittance T and reflectance R of the wave normally incident from the left side are
FIG. 2. Reflection and transmission of a plane wave incident on the metamaterial interface between two dielectrics (a) is equivalent to reflection and transmission of the wave in the connected transmission lines with different impedances η1 and η2 and shunted with a load ηM . In the lossless metamaterial a metallic wire along the electric field is an analogue of an inductor (c), while a dielectric gap between two metal parts is equivalent to a capacitor (d).
In the extreme case of η M = ∞ (no metamaterial layer) expressions reduce to Fresnel's formulas (4), (5) . If η M = 0 (short circuit, which is equivalent to a perfectly conducting mirror), we get t = 0, r = −1.
To design a metamaterial-based circular polarizer we target the equal transmittances/reflectances for x− and y− polarizations and phase difference ∆φ = 90
o . First, we formulate the requirements on the metamaterial impedance η M accordingly to formulas (6)- (9) . Then we analyze transmittance and reflectance (depending on configuration) from the point of view of maximal values which can be obtained by adjusting impedances. Then we guess the geometry to get the designated η M . The simple rules bridging the transmission line theory and optics are that the inductive impedance requires the employment of a metallic wire along the electric field (Fig.  2c) , while the capacitive impedance means a dielectric gap between metallic parts (Fig. 2d) . Finally, the fine tuning of the design geometry is done with the help of numerical optimization in CST Microwave Studio [32] .
We begin our theoretical analysis assuming that the metamaterial is made of a perforated perfect conductor film that is a fairly good approximation for metals in the microwave and THz range. Thus, the metamaterial impedance is fully reactive (pure imaginary) η M = −ix, where x is an effective reactance. Since we use the optical notation for the time exponential exp(−iωt), positive x means predominantly inductive impedance η M = −iωL (x = ωL), while negative x = −1/(ωC) means predominantly capacitive impedance η M = i/(ωC) . Then the transmission and reflection coefficients (6-9) are
where γ = η 1 /η 2 = n 2 /n 1 and ξ = η 1 /x. The phases of reflected and transmitted waves are defined through the tangent functions:
tan
A. Metamaterial layer: transmission configuration
Consider a single metamaterial layer in the transmission configuration [7, 10, 15] . From the requirement of equal transmittance T x = T y we find that the reactance for the x− and y−polarizations should be equal in absolute values |ξ x | = |ξ y |. Among the real solutions ξ x = ±ξ y the " + " solution leads to the same phase advance for both polarization, and, therefore, must be excluded. So, the only suitable solution is ξ x = −ξ y . That means in the simplest case that the impedance of the metamaterial should be inductive for one polarization and capacitive for another.
Consequently, the transmission phase tangents tan φ t,x = − tan φ t,y .
Since the phase difference should be 90 o , the product of their tangents is tan φ t,x tan φ t,y = −1. Therefore, tan φ 2 t,x = 1 and
Let us, for certainty, select the positive solution for x−polarization then the negative solution will correspond to y− polarization, thus reactances are
The transmittance is
The maximal value of transmittance T max = 0.5 can be reached for γ = η 1 /η 2 = 1 (Fig. 3a) , that means the metamaterial is placed between the same surrounding materials. Physically this means either a metallic membrane suspended in air [33] or a metamaterial coated with dielectric with the same refractive index as of the substrate. A metamaterial satisfying this solution should exhibit inductive properties for x−polarization (metallic wires along the x−axis) and capacitive for y− polarization (dielectric gapes orthogonally to the y−axis). In the transmission line analogy this is a high-frequency filter for the x− and low-frequency filter for the y−polarization (Fig.   3b ). In the simplest case such polarization converter can consist of a set of metallic stripes or wires along the x− axis.
B. Metamaterial layer: reflection configuration
Now we consider a single metamaterial layer in the reflection regime [19] . Similarly to the transmission case reflectance for both linearly-polarized waves should be the same R x = R y . So, the reactances should be identical in absolute values |ξ x | = |ξ y |. Analogously to the transmission regime analysis we come to conclusion that ξ x = −ξ y , and then reactance ξ x can be extracted from the expression for the reflection phase (15) tan φ r,x = − 2ξ
which is a quadratic equation for ξ x . Selecting the positive sign for the x−polarization in equation (19), we obtain
The analysis of this quadratic equation reveals that there are no solutions for γ > √ 2, so it is not possible to reach the phase difference 90 o between polarizations with any metamaterial. For γ < √ 2 the solutions for reactances for both polarizations are
The corresponding reflectances
are shown in Fig. 4 . For both solutions reflectance is less than 0.5 for 1 < γ < √ 2. For γ = 1 the first solution (21) coincides with the maximal transmission solution (17) . In this case the converter works simultaneously in reflection and transmission regimes, giving 50% reflectance and 50% transmittance.
Note, however, that the ratio γ can be less than 1. It can happen if the second dielectric has smaller refractive index than the first one, so the incidence should occur, for example, through a high-dielectric substrate. With such impedances reflectance can be larger than 0.5, and even equal to 1 for γ = 0. It is, however, not possible to use such high-dielectric substrates due to natural limitations on the material properties and also due to a poor wave in-coupling to a high-dielectric substrate from air. For a practically important case of a silicon substrate in air, γ ≈ 0.3 that corresponds to the reflectance R 1 ≈ 0.84 and R 2 ≈ 0.36. So, in contrary to the transmission regime with the maximal polarization conversion up to 50%, it is possible to achieve larger power conversions in the reflection configuration.
FIG. 4.
There are two solutions for γ = η1/η2 = n2/n1 < √ 2. Both of them have reflectances less than 0.5 for γ > 1 and can have large reflectance R ≈ 1 for γ 1. Physically this means an incidence from the material with a refractive index n1 n2.
C. Two metamaterial layers: 100% conversion efficiency in transmission
The theoretical limit for the conversion efficiency for a single layer metamaterial is 50%. We can, however, expect larger efficiency applying two layers of metamaterial separated with a dielectric spacer [7, 13, 14, 34] . Even very reflective mirrors arranged as a Fabry-Perot resonator can give transmittance close to 1. Let us consider a symmetric configuration shown in Fig. 5 , namely, two thin identical metamaterial layers separated with a dielectric n 2 and having a dielectric n 1 from the left and from the right. The transmission through a Fabry-Perot resonator is [35] 
where Φ = k 0 n 2 H, H is the thickness of the dielectric spacer between metamaterial layers, n 2 is its refractive index, k 0 is the free-space wavenumber and the meaning of the reflection and transmission coefficients t 1 , r 2 , t 2 is clear from Fig. 5 .
Through a tedious analysis we found that equal transmittances for the x− and y− polarizations occur for the same condition for the metamaterial impedance ξ x = −ξ y as for a single layer.
The tangent of the transmission phase is
The condition for the 90 o phase difference tan φ x tan φ y = −1 leads to a quadratic equation for ξ x . It has two solutions
with the corresponding transmittances
where w = sin Φ/γ = η2 η1 sin(k 0 n 2 H) = n1 n2 sin(k 0 n 2 H). The transmittance for the second solution (Fig. 6 ) is always T 2 < 0.5. However, choosing the first solution it is possible to achieve the full transmission:
That imposes the condition for the spacer thickness H
In the case when n 2 /n 1 > √ 2, there are no real solutions for Eq. (34), and it is not possible to achieve even theoretically the 100% transmittance. Such situation can happen if the metamaterials layers are separated with a high refractive index dielectric. Nevertheless, by coating the metal layers with additional dielectric (see, for example the meanderline structure in [7] ) it is always possible to reduce the ratio γ = n 2 /n 1 and improve the transmission characteristics. Despite a larger conversion efficiency in the reflection configuration comparing to the transmission regime, the reflectance is not 100% (see Subsection B). Moreover, the incidence from the high-dielectric material side requires preliminary in-coupling to a substrate and therefore some power backscattering. It is, however, possible to overcome these challenges and reach up to 100% reflectance for the incidence from air by using a metal mirror (ground plane) below the metamaterial layer (Fig.7 ) [17, 18, 20, 21] . Physically such system is a kind of the Fabry-Perot resonator with a perfect mirror (r 3 = −1 = exp(iπ)) and a metamaterial mirror (see Fig. 7 ). The total reflectance from this system is [35] :
where Φ = k 0 n 2 H and the meaning of the reflection and transmission coefficients r 1 , t 1 , r 2 , t 2 is clear from Fig. 7 r
For the case of the perfect ground plane the reflectance is unitary R = |r| 2 = 1 for both polarizations at any frequency. The wave has simply no other options than to be reflected. A tedious analysis of the reflection phase φ r shows that
Requirement tan φ r,x tan φ r,y = −1 ensures the 90 o phase difference between polarizations. That leads to a parametric quadratic equation
where v x = ξ x +γ cot Φ, v y = ξ y +γ cot Φ. This quadratic equation reduces to two independent cases of linear equations
So, for each specific v x there are two solutions that give the required converter functionality
It means that for any specific thickness H for any given x−polarization reactance ξ x there exists a real-valued y− polarization reactance ξ y . Moreover, in contrary to all previous cases (transmission and reflection from a single metamaterial layer or transmission through a double layer), the reactances ξ x and ξ y are not obliged to be of different signs. They can be both positive or negative. It is possible to use a fully inductive (or capacitive) metamaterial for both polarizations, for example, a twodimensional wire grid (or patches).
We note that, in principle, we have 4 variables that we can change in design: metamaterial impedances ξ x and ξ y , dielectric impedances ratio γ and the thickness of the second dielectric H. The simplest tuning can be done by the dielectric thickness H optimization. An important question is whether there can be always found the value of H for any given pair of ξ x , ξ y .
For the first (42) and second (43) solutions we have equations for u = γ cot Φ
which have solutions
when conditions
are satisfied. The graphical representation of allowed ξ x , ξ y is shown in Fig. 8 . There are values of ξ x , ξ y corresponding to two or only one solution for u = γ cot(k 0 n 2 H) and therefore for H. There are also ranges, where apparently no solutions exist. This result is expected since for the case of equal impedances ξ x = ξ y no phase difference between polarizations can occur upon reflection. 
IV. SIMULATION RESULTS
In order to test the abovementioned theoretical findings we developed several polarization converters based on the same unit cell geometry, aiming the THz frequency range around 1 THz. The simulations were done in CST Microwave Studio [32] . We applied the periodic (unit cell) boundary conditions in the x− and y−directions, and open space boundary conditions (perfectly matched layers) in the z−direction. We used silver described with the Drude model ( ∞ = 5, ω p = 1.37 × 10 16 rad/s, γ = 1.6 × 10 13 Hz)) as metal and silica (n = 1.5) in most cases as dielectric. Only in the single layer reflection configuration we used silicon (n = 3.5).
As we mentioned before, the simplest shape for the simultaneously x−polarization capacitive and y−polarization inductive metamaterial is a stripe grid with dielectric gaps in the x−direction. To obtain more flexibility in the geometrical parameters we modified the stripes to the unit cell shown in Fig. 9 . The geometrical sizes of the characteristic features, optimized for the highest possible transmission or reflection in all four regimes are presented in Table I . We use the following designations: T1 -single metamaterial layer polarization converter in transmission; R1 -single metamaterial layer polarization converter in reflection; T2 -double metamaterial layer polarization converter in transmission and R2 -single metamaterial layer polarization converter with a ground plane. The numerical results for the transmittance/reflectance and phase difference between polarizations for different designs (T1, R1, T2 and R2) are shown in Fig. 10 . For all designs we demonstrate the polarization conversion close to the theoretical maximum and the phase difference close to 90 o . The double layer structure (T2) has the transmittance (Fig. 10c ) almost twice as large as for the single layer (T1) (Fig. 10a) . The mirror-based design R2 is, as expected, polarization insensitive and achromatic in the whole frequency range (Fig. 10d) .
We should mention that both the transmittance/reflectance values and the phase difference influence the conversion efficiency. To account for both influences and to determine the working bandwidth we used the approach established by Rahm et al. [13] . The figure-of-merit (F oM ) for the converter, also known as flattening, shows how close the polarization ellipse is to a circle for the input linear polarization incident at 45 o . To calculate it one should get a normalized electric field vector at the output E =xt x +ŷt y exp(i∆φ), wherex andŷ are unit vectors in the corresponding directions. Then, to calculate the angle ψ = arg(E 2 ) and vectors corresponding to ellipse's semi-axes a 1 = Re(E exp(−iψ/2)) and a 2 = Im(E exp(−iψ/2)). Eventually, F oM = 1 − (|a 2 |/|a 1 |)
±1 . Plus or minus should be chosen depending on whether a 1 or a 2 is the major semi-axis. The figure-of-merit close to 0 shows that the polarizer works well. The working range is defined as the frequency range, where F oM < 0.2 [13] . The steepest phase difference profile is observed for the R1 design, what is reflected in the narrowest bandwidth ( Fig. 10(e) ). The broadest FoM is observed with the T2 design due to the flatness of the phase difference spectral profile. The main parameters of the polarizers: theoretical conversion efficiency (CE T ), conversion efficiency extracted from simulations (CE S ), bandwidth (∆ν) and relative bandwidth (∆ν rel = ∆ν/1THz) are presented in Table II . We have performed the general analysis of a metamaterial based polarization converter capable to transform a linearly-polarized incident wave into ellipticallypolarized with any desired ellipticity and ellipse orientation. It is applicable to any thin-film (thickness wavelength) polarization converter with linear eigenpolarizations. We claim that a polarization converter should not necessarily be based on resonant particles (the resonance usually means an increased absorption), i.e. detuned dipoles, resonant apertures, etc., but rather on special relations between impedances for eigenpolarizations. Such impedances can correspond to the resonant or nonresonant metamaterials. The latter case usually provides a broader operation bandwidth. Even though it is not possible to remove completely parasitic capacitance and inductance, so resonances always exist. However, by a proper design we can tune the metamaterial to the frequency far away from an undesirable resonance. As soon as the clear identification of the impedances and geometrical parameters of elements exist it is not a problem to rescale the metamaterial polarization converter to virtually any range of electromagnetic waves. In particular, we have successfully checked the scaling of the T1 design up to the telecom frequencies.
We have also showed numerically that a single type of the metamaterial unit cell can be used for any converter configuration: all four our designs T1, R1, T2, R2 are based on the same type of a unit cell differing only by optimized values of characteristic features. The onelayer transmission configuration T1 has been proved to have theoretical limit of conversion efficiency 50%. Pre-viously 50% [10] , 45% [7] and 44% [15] were reported. The maximal reflectance approaches 80-90% for a single metamaterial layer with realistic dielectric properties (silicon substrate), however the steep spectral dependence of the phase shifts reduces the working range of the polarizer. Resonant antennas system was reported to provide 40% in reflectance [19] . We have demonstrated that a linear-to-circular polarization converter exhibits better performance (with the upper limit 100% transmittance or reflectance) when two metamaterial layers are involved. The broadest working range 273 GHz is found for the transmission double layer configuration T2. The reported results for the transmittance for such systems (74% [13] , 25% [14] , 80% [7] and 50% [34] ) can theoretically be improved. The case of the metamaterial above a ground plane can also be classified as doublelayer system, since due to the presence of the mirror plate the wave passes twice through the metamaterial layer. Almost 100% conversion efficiency was reported: 96% [21] , ∼ 100% [20] and [17] . The important advantage of the reflection design with a ground plate is that the requirements for the impedances values are rather softened, which can facilitate greatly the design and fabrication of the structure. Even though the transmission configuration is conventionally preferable for the real life experiments, we should note, that the reflection polarizer configuration can be easily converted into transmission one with the help of additional mirrors (Fig. 11) .
We believe that our general approach will become a useful tool for the metamaterials based polarization converters design and development. FIG. 11 . The reflection polarizer can easily be converted into the transmission polarizer with the help of additional mirrors.
For that the metamaterial layer should preserve its functionality for the incidence at small angles.
